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The Phase Problem A Y
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Structure Factor

the total number of atoms in the unit cell

/2 :

) thﬁg(r)€$p[2ﬂi(h-r)]df

Fn = Zexp (271

=

¥

071
r;=(h k 1)x (?ﬁ‘) = hxj + kyj + Iz |

Zj

the atomic scattering factor

K, = Z fj exp [27r7j(h:z’:j = kyj 3 sz)]
j=1

»
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Structure Factor

S = Sineh/)\

Fn =Y Ojt;(s)f;(s) exp [2mi(hz; + ky; + 12;)]

7=

the temperature factor

the occupation factor (atomic displacement parameters)
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Phase Angle

Fn = |Funl|exp (ipn)




Reciprocal space

F(h) = FT [o(r)]

Fourier Transform

Tt
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F.= | owerpl2rith-nlde o)< [ F(h)
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The electron-density equation

*

Fo 0 pr)

p(r) = FT' [Fp] = Vcleu zh: Fyn exp (—2mih - r)
p(x,y,z) = Vcell >h >k >;Fhkl exp |—2mi(hx + ky + lz)]}
Frki = |Frri| exp (10onk1) = |Frri| (cos @nii + i8in @pp)
plx,y,z 27 (hx + kx 4+ 12) — ppE]
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Phase Problem

I

i | I IUCr Electron Crystallography'School 2026,:8th to 10th of August, Calgary, Canada [



Accurate structure

amplitudes and phases of the structure factors. This difficulty
Is known as the phase problem, as the phase information is.

Phase Problem

determination

missing from diffraction data.

| =

Phases must be estimated and refined using appropriate

phasing methods.

Phasing

Methods

requires both

the

Approximate positiohq

of atoms

y

o
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"' The phase
problem !

I=|F|?

@ =777

Other methods:

s charge flipping
s molecular replacement

Phasing Methods

Traditional approaches:

s direct methods
s Patterson methods

Direct space methods

Alternative expressions:real space, |

global optimization, global search
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Direct Methods: the Theoretical Basis

Direct Methods emerged in 1948, achieving full theoretical and
practical maturity by the 1970s.

Key points in DM development include

* Sayre's equation (1952)

* Structure invariants by Hauptman and Karle (1953)

* Cochran’s three-phase probability distribution (1955)
* Hauptman and Karle's tangent formula (1956)

Automated direct methods software
« MULTAN (Main, 1980) . -
Herbert A. Hauptman Jerome Karle
* SIMPEL (Schen k’ 1988) DM practitcally soIT\t/ed the phase problem
+ SHELX-76 (Sheldrick, 1976) L

for small molecules, earning
H. Hauptman and J. Karle the
1985 Nobel Prize in Chemistry.

+ SIR (Giacovazzo, 1982)
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Constraints on the electron density

s Discrete atoms (atomicity)

FT—1
Fn - p(r)

FT~! : |
By ~— point-atom structure/
2
by

<Fh2> <‘Fh| >:€hizzlfi2

s Non-negative electron density (positivity)

p(r) >0

En|® =
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Scaling and normalization of /
the structure factors F; » Ex -

A Typical Direct Methods Procedure

s ¥

2 £
|Falys = K |Ful= K |F2| exp(—2Bs%)
IR TE —
ln ((l hloobs> ) - an s QB< > Wilson plotforC|met|d|ne /
ZS s = sin(0)/\ ZU Z £7)
‘Eh’ ‘Fh‘obs - ’Fh‘obs
<‘Fh’()bs>

N
Kexp(—2Bs?) Z fo
j:
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Normalized Structure Factors

Centric structures /10

Pr(|E]) = 1/ Zexp(~ B[ /2)

<«——qacentric

Acentric structures

Pi(|E|) = 2|E| exp(— |E[)

0.2 centric

Normalization helps to reveal underlying 0.0
symmetry (i.e. inversion centre) in the data.

|Ep|
Comparison of theoretical and experimental distribution functions
exp. data acentric centrif hypercentric a. c¢. h.
mod (E) 0.865 0.886 0.79%8 0.718 2

E**2 1.000 1.000 1.000 1.000

E**3 1.419 1.329 1.59¢6 1.91¢

E**4 2.304 2.000 3.000 4.500

E**5 4.497 3.323 6.383 12.260

E**g 9.593 6.000 15.000 37.500

mod (E**2-1) 0.805 0.736 0.968 1.145

[BE*%2=1) **2 1.3¢4 1.000 2.000 3.500

[E*22=]1)**3 4.501 2.000 8.000 26.000

= (mod (E**2-1) ) **3 4.974 2.415 8.691 26.903
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Fyn = |Fnl|exp (1on)

Structure Invariant Definition

The origin is moved by a
general vector ro

AL R,

Fy, = |Fy| exp (ipn) = ng exp [2ih -

Shifting the
origin by a
vector ro

:exp( 2mih - 1)

= exp (—27ih - rO)Fh

:> ‘Fh‘_‘Fhl

oy, = pp~2mih- g

ij exp (2mth - rj)

-

¥

¥

( —10)]
Z fiexp (2mih - r; )

71=1

‘ : T

| Fhl is a structure-invariant
guantity, i.e. independent of the
choice of origin, whereas @s is not.
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Structure Invariant Definition

A structure invariant is a product of structure factors whose phase is'
Independent of the choice of origin. '

The most general structure invariant is represented by the product:

L

o, - Fhy — [Py Fh, -« - P, | €xpli(on;, + @n, +- -+ opf

»

Every structure invariant
. t satisy the condition
h+h;+---+h, =0 ™M
1 1 K that the sum of the Miller
indices equals ZERO

when

Triplet invariants:

FonFuFnk = | FnFxFon-x| expli(on + ¢k + ©-n-x)] L

Quartet invariants:

FoFc k1 = | FaFe F Fopeicilexpli(on + ok + @1 + ©-n-ran))

-

i
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Probability methods
Ppk = Yn + Y-k + Pk-h

’Fh| — |F-h| > Ih — I—h Friedel’s law
Yh = —$-h
Ppk = Yh + Y-k + Yk-h =¥h — Pk — Ph-k

The probability formulae for triplet invariants derived by Cochran:

P(®py) = 2w[01th exp(Gnk cos(Pni))

N
Equal atoms: th o \/_ ’EhEkEh k’ O-n - E Z;L
. —3/2
Non-equal atoms: th — 20-30-2 ‘EhEkEh k’ T—1

lois the modified Bessel function of zero order
Z iIs the atomic number
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Probability methods

P((I)hk) is a so-called von Mises distribution

Probability distributions based on Coch

formula for different

ran’s
values of the

pardmeter G
G =20

1.2
E 0.8
[~

0.4

G =0
+
0.0
3 -2 1

Ghk = \/Lﬁ | B B Enok|

Bhk = Ph — Pk — Phk X0

~ indicates 'is distributed about!

Oh ~ Pk T Ph—k

Which shows that if the phases of two
structure factors are known then the phase
of the third one may be estimated.
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Structure Factor Phase Estimate (the Tangent Formula)

If more than one pair of phases

Yn = Pk; T Ph—k; j=1,2,...,r

are known, all defining the same phase ¢, through triplet relations

> Gjsin(p;)
J _ An
~ 4

tan pp ~ —

Z G cos(g;)
J

Gj = G,

gives the most probable value of ¢,

QL — \/A% -+ Bl% reliability parameter

imaginary axis

q’n (p;}

9,

Graphical representation of the tangent formula: is.
visualized in the Argand plane as the resultantof ™,
the sum of five complex vectors GeXp(i3;).
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A Typical Direct Methods Procedure

Scaling and normalization of

the structure factors F,, » E;

(05 & 0k, + Phok; )

> Gjsin(g))
tan Oh ~ 7'2
Z G cos(ip;)
\_ j /

Triplet and negative quartet
invariants are found among the
reflections with largest E,

Random phases

assignement

Phase Extension

Phase Refinement

DM phase set (trial) and FOM

NoO

0
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A Typical Direct Methods Procedure

Scaling and normalization of B enonegative quartet
Invariants are found among the

the structure factors Fi » Ex reflections with largest E,

Random phases
[Tangent formula procedure] g iEpen
Phase Extension
Phase Refinement
DM phase set (trial) and FOM
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A Typical Direct Methods Procedure

Scaling and normalization of
the structure factors Fi » Ex

Select the most

Triplet and negative quartet
invariants are found among the
reflections with largest E,

reliable trials

E-map
calculation

p(r) = FT HwnEn] =

1
Vcell

Tangent formula procedure

Z wh|En| exp(ipp) exp (—27ih - r)
h
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A Typical Direct Methods Procedure

Scaling and normalization of
the structure factors Fi » Ex

Select the most

Triplet and negative quartet
invariants are found among the
reflections with largest E,

reliable trials

E-map
calculation

Tangent formula procedure
Select a new trial

Structure refinement
and completion

Structure model

No
Suitable
model?
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DSR (Direct Space Refinement)

.\\____ =

** /' remove low density /. invert selected density

% enhance contrast

|| \ Histogram matching

/match density statistics

b r
Starting Electron-density Updated
phases map e EDM step _} s
initial ¢ P modify p s
_4 L ;
t TP
iterate ‘\i
L
Typical EDM operators .
'{\ " Map-flip Map powering

i

W
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Completing and refining the structure

Errors in the model: missing atoms, position errors, errors in the thermal
parameters

A Fourier series having as coefficients Ffl

! Y Positi f the at
Pc(r) — % E F3, exp (—2mh : r) of the given model
h

-

A Fourier series having as coefficients Fﬁ — |F1(1)| exp(i@true)

1
IOO(I') — V Z Fﬁ exp (—27T’Lh . I‘) The true structure
h

-

1

Ap(r) = polr) = pe(r) = = > (Fg — F;) exp (~2ih - 1)

h How much the initial model
deviates from the real structure
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1 _ \
Ap(r) = po(r) — pe(r) = v Fy)exp (—2mih - 1)
h v

@ Ptrue ~ Sp(}jl ? -

Completing and refining the structure

Difference Fourier synthesis method

Otrue are unknowrﬂ

Ap(r) = = > (|Fg| — |Fg]) exp (—2mih - T + i)

Pbest (I‘) .

v
h

1

LS IR~ Fghexp (~2nih -1 + igf)

h Nk
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Completion of the Crystal Structure and Preliminary Refinement |

7

Partial atomic model

"N\

L 4

Calculate:

Fcalca Peale

L 2

r

Difference Fourier method

(Q‘Fobs‘ i ‘Fcach

. J
\ 4
a )
Add / correct atoms in model
\. J
4 Y ™)
Least-squares refinement
N (positions, B factors) J
\ 2
é Y
| Recalculate: Fcalc: (pcalc
g
\ 4
f N

T - Complete structure

Nt

b =

Kinematical |
Model' \/

i

=

"

*

Refinementyy

m:* _

%

"

--;
B T
- ;

i

-

h

N
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Least-squares method

Functions to minimize:

M = th FR| — | Fy])° th (1FRI° — |F5I1°)°
Residual Factors (R-factors):
B ) cl\2 ] 1/2 ) c
th [Pyl — | Fxl) ZHFM—’FhH
th‘Fh‘Q Z’Fﬁ‘
| h
~1/2

th Fa| — ’FhD

Nr — Np
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Correct Solution Identification

For X-ray data, the correct solution is marked by an outstanding value of .
the FOM (R, << 25%). |

5 ®
Final FOM vs R% z : :::

carbamato.sir

File Solve Refine Structure Info Help

G ot &3 Fsewopud] A f F 4 K Fsewppsn | b

R%= 9.06intrial 3 BestR¥% = 9.06(#3)

This is not always true for Electron Diffraction data.

The lowest value of R, does not necessary indicate the best solution. g

—

t, Calgary, Canada
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Main Parameters in Phasing Process
Data Resolution

When data resolution is around 1 A or better, phase
determination can normally be obtained ab initio by
direct methods

Data Completeness

>70-80% completeness |~ Structure solution is often feasibl

Solution becomes difficult or
<60% completeness " unstable, depending also on
resolution and data quality

y(B:hool 2026,:8th to 10th of August, Calgary, Canada
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Main Parameters in Phasing Process: Data Completeneés,-
Akermanite* PED Data

B

=@

FOMs Statistics
Early FOM histogram

25,57 al

res
29.76 akermanite_21.1es
30.06 akesmanite_s2 res

RET

® cancel || iOpen

o) - R

eFOM

. .
B S

Final FOM va B scatter plot

%

°F p -y, »
. ’.‘:‘t‘-.a"
Z5F & 0# -
z ':"':: ‘e 2
sy p e
.. .
§ 5 e

.
v, , * 0T,

FomM

15 .

30 35 0
A%

Solving strategy: smallsie structre

| A% 1.00

fals: 100
100
2701
35.27 In trial 10
27,84 Intrial 15
27.84in trisl 15

Dataup to 0.4 A
_Eompleteness = 23%

[0}

]

I}

. .

S

L} |III 0

. >

L} B

] ©

2

X /G

[Distribution of reflections up to ©.40 Ang.] )

(0]

3

Angstrom No. of No. of No. of % of l\_ g’
resolution expected observed missing completeness W <
— A8

up to 10.0 ] [0} 0] [0} 5
1.0 - 8.0 ] 0] 0] (0] 5, ,9
8.0 - 6.0 [c] 0] 0] ] ; - 3
6.0 - 5.0 2 2 0] 100 5
50 - 4.0 1: 1 0] 100 (-]
4.0 - 3.0 4 3 1 75 txg;
3.0 - 2.5 3 3 0] 100 8
2.5 - 2.0 9 6 3 67 \.{ 5
2.0 = 18 7 4 3 5T i _g
1.8 - 1.6 9 4 5 44 & 3}
gl = Ao 14 9 5 64 B 4
L.l = 5.8 9 4 5 44 4 s
1.3 - 1.2 16 8 8 50 ©
(o)

1.2 = 1.d 16 8 8 50 pf 0
121 = 1D 26 14 12 54 [ r
1.0 - 6.9 41 17 24 41 n
0.9 - 0.8 58 22 36 38 ) g
8.8 - 0.7 94 35 59 37 c
0.7 - 0.6 166 53 a g e 32 2
0.6 - 0.5 309 83 226 27 "g
0.5 - 0.4 661 63 598 10 4 i
All 1445 339 1166 23 (; 6
D

% of completeness up to 0.40 Ang. resolution =| 23.46

*Gemmi et al.,, Amer. Miner. 92, 408 (2007)


https://doi.org/10.2138/am.2007.2380

expPrxel
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Main Parameters in Phasing Process: Data Completeness

ucture o indow  Help

Elle "
=L P Jo o+ & o dsepnion] de fe F 4 J M septonson

ofthacstamel. £

FOMs Statlstics

A4 Orthocetamol* STEM-3DED Data

[Distribution of reflections up to 0.78 Ang.]

Data up to 0.78 A
_S-'_Omglgteness ~ 80%

P

Angstrom No. of No. of No. of % of

resolution expected observed missing completeness
)
up to 10.0 0 0 0 0
10.0 - 8.0 0 0 0 0
8.0 - 6.0 4 4 0 100
6.0 - 5.0 4 2 2 50
5.0 - 4.0 4 3 1 75
4.0 - 3.0 17 17 0 100
3.0 - 2.5 20 14 6 70
2.5 - 2.0 47 42 5 89
2.0 - 1.8 33 26 7 79
1.8 - 1.6 66 56 10 85
1.6 - 1.4 88 70 18 80
1.4 - 1.3 68 58 10 85
1.3 - 1.2 95 78 17 82
1.2 - 1.1 140 115 25 82
1.1 - 1.0 186 161 25 87
1.0 - 0.9 291 243 48 84
0.9 - 0.8 443 364 79 82
0.8 - 0.7 101 31 70 \ 31
AlLL 160/ 1264 323 o]

% of completeness up to 0.78 Ang. resolution = -*

*Andrusenko et al., Angew.-Ghem. Int. Ed. 2019, 58710919 —
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https://doi.org/10.1002/anie.201904564

Structure Solution of the complex silicate Ca.FeAl.SizO;z by Direct Methods’

Megr.

Cell: 8.86 5.62 10.11 90 115.3 90
Space Group: P2,/m

6 Early FOM histogram Angstrom Number Rint Distribution of reflections up to ©.77 Ang. X
up to 10.0 (0] --=- Angstrom No. of No. of No. of % of H
n 10.0 - 8.0 1 3.00% resolution expected observed missing completeness |
8.0 - 6.0 © T to 10.0 ) e 0 0 "
_ up to 10. i
0 ] 6.0 °:0 1 16.79% 10.0 - 8.0 2 1 1 50 {
5.6 - 4.0 5 5.59% 8.0 - 6.0 1 0 1 0 #j
0 2 4.0 - 3.0 10 7.61% 6506 - 50 1 1 0 100
eFOM 3.0 - 2.5 13 7.17% 5.0 - 4.0 7 5 2 71
2.5 - 2.0 31 10.02% 4.0 - 3.0 12 10 2 83
Final FOM vs R% scatter plok 2.0 - 1.8 22 12.12% 3.0 - 2.5 17 13 4 76 \'{
2.56 s -
1.8 - 1.6 37 11.39% iy = 2ul) 36 31 ] 86 g
com [ |2 - 0 R v SR I R S B
7 W s " g ° 2ot o dsE S Bieua 16 = 1.4 62 51 11 82 “E
LI E " ey . 1.3 - 1.2 69 ozt 1.5 - 1.3 41 38 3 93 4
11 . B el 1.2 - 1.1 74 15.48% TS D 79 69 10 87
' 2'[} 3'0 1.1 - 1.0 114 14.44% 1.2 - 1.1 83 76 7 92 &".
1.0 - 0.9 165 16.38% 14 = 1.0 120 118 12 91
R% 0.9 - 0.8 257 16.25% 1.0 0.9 188 167 21 89 [
2Bs B T6  GE 0.8 - 6.7 123 116 28 %
[ — s i ] ALl 1156 1024 132 89 f

( Res:0.77 R.=14.27% 1

[ % of completeness up to ©.77 Ang. resolution = B88.58 ]

Syt (F2) |
The merging residual value: R;,; =

[ g
" i
. >

#

e
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Recommended Reading on Direct Methods

Physical and Non- Fundamentals of
Physical Methods Prvipiiee Crystallography
of Solving Crystal Third Edition (International Union
Structures 1Ist e of Crystallography
Edition Texts on \,
Crystallography) 3rd .
Michael Woolfson and by Michael M. Edition 7 4
Fan Hai-fu Woolfson, Fan Hai- ' .
Fu by Carmelo Giacovazzo, P
T Hugo Luis Monaco, 1 ¢
A R Gilberto Artioli, Davidé
Viterbo, & 6 more LW
UG TEXTS 0% CRYSTALLOGRATIY - 20 . . . |
. Theori.es 2l Cre Eetal Phasing in Phasing Ini
cf;:i“‘..i;‘i}‘?&i Techniques of © Analysis Structtfre Crysullography Crystallogra
Determination Crystal e i Analysis: e phy: A y
Structure Principles and Modern #
Determination Practice 5% Perspectivg

by Carmelo
Giacovazzo

by Uri Shmueli by Peter Main,
Clegg William, _
Alexander J.
Blake, Robert

~ O. Gould b

OXFORD SCIENCE FUBLICATIONS -
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